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The total variation distance (“the” statistical distance)

Atv(P, Q) = %Z‘P(W) — Qw)

Assume cryptography exists,
Hard to tell if AT\/(P, Q) =0 and ATv(P, Q) =1.
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Problem: Given two product distributions P, Q
Compute the total variation distance

The product distribution P = P; x P, x --- x P,

P(Xl, ce ,Xn) = Pl(Xl) . P2(X2) ceee Pn(Xn)

#P-hard to compute exactly, even on boolean domain
[Bhattacharyya-Gayen-Meel-Myrisiotis-Pavan-Vinodchandran'22]
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output an estimation with up to ¢ relative error

(1 —¢)Aqy(P, Q) < estimation < Ary(P, Q)
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Problem: Given two product distributions P, Q
Approximate the total variation distance

Feng-Guo-Jerrum-Wang'23

o g g . D _—3) 1
Randomized algorithm, in time O(gn“e “log =)
- q: domain size
- €: relative error
- 0: error probability

This work: Feng-Liu-Liu

Deterministic algorithm, in time O(gnc ! log AP0
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A decision problem: P v.s. Q
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Arv(P, Q) = géx(xgrp[g%(x) = 1] - Pr[§i(x) - 1])
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The best distinguisher: Likelihood-Ratio Test

5@9 checks if g(();)) ; 1.
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Likelihood Ratio

Ratio, denoted by R = (P||Q), is a random variable
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Ratio, denoted by R = (P||Q), is a random variable

= ‘W ere X i r = r| = r P(X):r
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Likelihood Ratio

Ratio, denoted by R = (P||Q), is a random variable

== ‘WereX i r = r| = r P(X):
- Qx) " =@ Prik =11 XEQ[Q(x)

r]l

Atv(P, Q) = Z max(Q(x) — P(x),0) = %Z |Q(x) — P(x)]

X

P(x) ‘

= E max(l— P(X)’O) :%xgoll_ Q(x)

x—Q Q(X)
= E[max(1 — R,0)] :%E|1—R|




Likelihood Ratio

Ratio, denoted by R = (P||Q), is a random variable

A P | _ 4 p [PO) _
R= o) where x < Q Pr[R = r] _xErQ[Q(x) = r]

Total variation distance = E[max(1 — R,0)] = 1 E[|1 — R|]



Likelihood Ratio

Ratio, denoted by R = (P||Q), is a random variable

R ““““ gg; where x < @ Pr[R=r] = XFQ[SEX r}
Total variation distance = E[max(1 — R,0)] = 1 E[|1 — R|]
KL divergence = E[ log R]

Rényi divergence = ﬁl (E[RO‘])
x? divergence =E[(1 - R)?]
f-divergence = E[f }
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Product Distributions
P:P1XP2><--~><P,,
Q=Q x@x- - xQ,

Rato R = R - R, ... R,
T ) + t
(PlQ) (P1|Q1) (P2f|Q2) (Pall @n)

Naive Algorithm:
» Compute R, - R>

» Compute Ry - Ry - R3 Complexity:

up to 2" (boolean domain)
' up to g" (size-q domain)
» Compute R - Rp----- R,

» Compute Aty
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Our algorithm (informal):

» Compute R, - R,

» Simplify it as Ry // so that Rir~ Ry R

» Compute Ri»- Ry

> Simplify it as Ry // so that Ris ~ Rin - Ry~ Ry - Ry - Rs
» Compute I§’1;3 Ry

>

» Simplify it as Ry, // so that Ri,~R -R-.. R,

» Estimate Aty
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Simplify the Ratio

Ratio R = ‘ ||I I I |.| 1

» How to merge?

» How large is the error?
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Distance between Ratios

Given two ratios R, R such that R = (P||Q), R = (P||Q),

Amtv(R, R) Atv(P, P) + Atv(Q, Q)
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the minimum total variation distance

Amvtv(R, R) = RYT(TILTQ)(ATV(P, P) 4+ ATv(Q, Q))

(PIIQ)
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Distance between Ratios

the minimum total variation distance

AMTv(R,é): min (ATv(P,ﬁ)—I—ATv(Q,@))

R=(P||Q)
G

Hi Prof. Yury,

| found an interesting metric.
ApTy is defined as . ..

sent from PKU

If you check LeCam’s textbook,
there is a notion called . ..

sent from MIT
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Distance between Ratios

the minimum total variation distance

Autv(R, R) = R_T;WQ)( Aty(P, P) + Atv(Q, @))

R=(P|Q)

Similar metric from decision theory

Aspoic Deficiency(R, R)

Statistical . ~ ~
= min max(ATV(P, P), Atv(Q, Q))

R=(P| Q)
R=(P| Q)

Decision Theory
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Anrv(R, R) < Arv(P,P) < |rn = r'lgi + | — r'ax + |rs — r[gs
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Prove that R ~ R

Merge all masses in [a, b) for 0 < a < b < 1,
the result is R.

Condition: =2 <1+e¢ = | —r|<e(l—n)

naqy + ngx + r3gs

Say the masses are on ry, rn, 13 € [a,b). Let r* =
[2,5) g1+ G2+ g3
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Prove that R ~ R
Merge all masses in [a, b) for 0 < a < b < 1,
the result is R.

Condition: =2 <1+e¢ = | —r|<e(l—n)

nagr+ ng +r
Say the masses are on ry, 3 € [a, b). Let r* = L PR EL EY

g1+ g2+ gs
Autv(R, R) < Ary(P,P) < |n— rlau+ | — r'|g2 + |rs — g5
<e(l=n)a+e(l—=n)gp+:e(1-r)gs
<e(1—n)Pr[R=n]+ (1 — rn)Pr[R=n]+ (1 — ;) PrlR=n)
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Merge all masses in [a, b) for 0 < a < b < 1,
the result is R.
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Awrv(R,R) < ) (1—r)Pr[R=1]

a<r<b



Prove that R ~ R
Merge all masses in [a, b) for 0 < a < b < 1,
the result is R.

Condition: ﬁ <1l+e¢

ignore
[1-4, o]
for now

Awrv(R,R) < ) (1—r)Pr[R=1]

a<r<b



Prove that R ~ R

Merge all masses in [a, b) for 0 < a < b < 1,
the result is R.

Condition: =2 <1 + ¢
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Merge all masses in [a, b) for 0 < a < b < 1,
the result is R.

Condition: =2 <1 + ¢

1-b —
dai b1 = as b2
U P 1
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Condition: =2 <1 + ¢

1-b —
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Merge all masses in [a, b) for 0 < a < b < 1,
the result is R.

Condition: =2 <1 + ¢

1-b —
dai b1 = as b2 = a3 b3 = da b4
\0 T 1 1 ] T 1 i T 1 . T 1 ]\- il
1- 1+¢ (1+¢) (1+e)? (1+2)* ignore
[1-4, o]
for now
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Merge all masses in [a, b) for 0 < a < b < 1,
the result is R.

Condition: t—z <1+ ¢ foreach i

ai by = a, by = a3 bs=as by=as b; = aj11
0 1 1 1 1 1 1
— 1-—= - 1- 1-— _
1 14+« (1+¢)? (1+¢)3 (1+e) (1+¢) ignore
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for now
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ai by = a, by = a3 bs=as by=as b; = aj11
(‘) 1 T 1 ) T 1 ] T 1 - T 1 ] 1 T 1 . >
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Prove that R ~ R
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the result is R.

Condition: t—z <1+ ¢ foreach i

ax by = a, by = a3 bs=as, by=as b; = aj11
0 1 1 1 1 1 1
— 1—-—— 1- 1- — 1— i
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Prove that R ~ R

Merge all masses in [a;, b;) for each i,

the result is R.

Condition: =2 < 1 + ¢ for each i

1-b;

ax by = a, by = a3 bs=as, by=as b; = aj11
(\) 1 T 1 ) T 1 T 1 T 1 } 1 T 1 T >
BT (N CED R (T+e) ignore
[1-6, ]
for now

Awrv(RR) <> Y (1=nPrR=r]<e> (1-r)Pr[R=1]

i a;§r<b,-

r<l
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Prove that R ~ R

Algorithm: Let a;1 = b =1—1/(1 +¢)’

For each i, Merge all masses in [a;, b;)

For each i, Merge all masses in (1/b;,1/a]
e result is R

Autv(R, R’) < eAty(R) + e Atv(R)



Prove that R ~ R

Algorithm: Let a;1 = b =1—1/(1 +¢)’

Merge all masses in [1—4, 1+4] for § < e Aty
For each i, Merge all masses in [a;, b;)

For each i, Merge all masses in (1/b;,1/a]
esult is R

Aurv(R, R’) < eAty(R) + = Atrv(R)



Prove that R ~ R

Algorithm: Let a;1 = b =1—1/(1 +¢)’

erge all masses in [1—6,146] for 6 < e Aty
Foreach i/, Merge all masses in [a;, b;)

For each i,"Merge all masses in (1/b;,1/a]
esult is R

Autv(R, R) < e Atv(R) + = Arv(R) + 2= Arv(R)
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Our algorithm:

» Compute R, - R»

> Sparsify it as Ry, // st Ayrv(Rio R Ry) < 2 Ay

» Compute Ii’l:z - R3

> Sparsify it as Ry 3 // s.t. AMTV('E\)L& Ry - R;) < e Aty

» Compute Ris- Ry

> :

» Sparsify it as Ry, // s.t. AMTV(R’M, Ry, 1 R,) < eAty
Triangular inequality: AMTV(R’L,,, Ri-Ry---Rp) < ne Aty

» Estimate Aty // err < ne Aqy
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Problem: Given two product distributions P, Q
Approximate the total variation distance

This work: Feng-Liu-Liu

Deterministic algorithm, in time O(gn?c ! log ——25+)
- g: domain size
- €: relative error

Problem: Given two Markov chains P, Q
Approximate the total variation distance

Deterministic algorithm, in time O(g*n?c!log (P 0))




