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Problem: Given two product distributions P ,Q
Approximate the total variation distance

output an estimation with up to ε relative error

(1− ε)∆TV(P ,Q) ≤ estimation ≤ ∆TV(P ,Q)
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Randomized algorithm, in time O(qn2ε−2 log 1
δ )

- q: domain size
- ε: relative error
- δ: error probability
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Approximate the total variation distance

Feng-Guo-Jerrum-Wang’23

Randomized algorithm, in time O(qn2ε−2 log 1
δ )

- q: domain size
- ε: relative error
- δ: error probability

This work: Feng-Liu-Liu

Deterministic algorithm, in time O(qn2ε−1 log n
ε∆TV(P,Q))
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Given two ratios R , R̃ such that R ≡ (P∥Q), R̃ ≡ (P̃∥Q̃),
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Similar metric from decision theory
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Prove that R̃ ≈ R

Condition: r1, r2, r3 are close. Let r ∗ =
r1q1 + r2q2 + r3q3

q1 + q2 + q3

R =
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r3, w.p. q3
the rest
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3 , w.p. r3q3
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w.p. q1 + q2 + q3
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P̃ =

{
s , w.p.

∑
i riqi

the rest
Q̃ =

{
s , w.p.

∑
i qi

the rest
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Prove that R̃ ≈ R

Merge all masses in [a, b) for 0 ≤ a < b < 1,
the result is R̃ .

Say the masses are on r1, r2, r3 ∈ [a, b). Let r ∗ =
r1q1 + r2q2 + r3q3

q1 + q2 + q3
.

∆MTV(R , R̃) ≤ ∆TV(P , P̃) ≤ |r1 − r ∗|q1 + |r2 − r ∗|q2 + |r3 − r ∗|q3

≤ ε(1− r1)q1 + ε(1− r2)q2 + ε(1− r3)q3

≤ ε(1− r1) Pr[R=r1] + ε(1− r2) Pr[R=r2] + ε(1− r3) Pr[R=r3]

= ε
∑

a≤r<b

(1− r) Pr[R = r ]
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Our algorithm:

▶ Compute R1 · R2

▶ Sparsify it as R̃1:2 // s.t. R̃1:2 ≈ R1 · R2

▶ Compute R̃1:2 · R3

▶ Sparsify it as R̃1:3 // s.t. ∆MTV(R̃1:3, R̃1:2 · R3) ≤ ε∆TV

▶ Compute R̃1:3 · R4

▶ ...

▶ Sparsify it as R̃1:n // s.t. ∆MTV(R̃1:n, R̃1:n−1 · Rn) ≤ ε∆TV

Triangular inequality: ∆MTV(R̃1:n,R1 · R2 · · ·Rn) ≤ nε∆TV

▶ Estimate ∆TV // err ≤ nε∆TV
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▶ Sparsify it as R̃1:3 // s.t. ∆MTV(R̃1:3, R̃1:2 · R3) ≤ ε∆TV

▶ Compute R̃1:3 · R4

▶ ...

▶ Sparsify it as R̃1:n // s.t. ∆MTV(R̃1:n, R̃1:n−1 · Rn) ≤ ε∆TV

Triangular inequality: ∆MTV(R̃1:n,R1 · R2 · · ·Rn) ≤ nε∆TV

▶ Estimate ∆TV // err ≤ nε∆TV
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